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Abstract: The factorization of multi-leg gauge theory amplitudes in the soft and collinear
limits provides strong constraints on the structure of amplitudes, and enables efficient cal-
culations of multi-jet observables at the LHC. There is significant interest in extending this
understanding to include subleading powers in the soft and collinear limits. While this has
been achieved for low point amplitudes, for higher point functions there is a proliferation
of variables and more complicated phase space, making the analysis more challenging. By
combining the subleading power expansion of spinor-helicity variables in collinear limits with
consistency relations derived from the soft collinear effective theory, we show how to effi-
ciently extract the subleading power leading logarithms of N -jet event shape observables
directly from known spinor-helicity amplitudes. At subleading power, we observe the pres-
ence of power law singularities arising solely from the expansion of the amplitudes, which
for hadron collider event shapes lead to the presence of derivatives of parton distributions.
The techniques introduced here can be used to efficiently compute the power corrections for
N -jettiness subtractions for processes involving jets at the LHC.
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1 Introduction
The factorization properties of multi-leg gauge theory amplitudes in the soft and collinear
limits are essential for our theoretical understanding of these amplitudes, as well as for the
calculation of multi-jet observables at hadron colliders. While the leading power soft and
collinear limits have been extensively studied, very little is known about the subleading power
factorization properties of multi-leg amplitudes, or multi-jet observables.
There has recently been significant progress in understanding the structure of power
corrections in the soft and collinear limits [1–39], including the first all order resummation of
power suppressed logarithms for collider observables with soft and collinear radiation [40] and
more recently for the case of threshold [41]. However, complete calculations of the all orders
structure of power suppressed terms have so far focused on the case of two back-to-back jets,
corresponding to color singlet production at the LHC, or dijet production in e+e−. Both for
improving our theoretical understanding, as well as for practical applications for observables
at the LHC, it is important to be able to extend these calculations to the multi-jet case.
Compact expressions for multi-point amplitudes are typically expressed using the spinor-
helicity formalism [42–45], and color ordering techniques [46–49]. See e.g. [50, 51] for reviews.
Due to the success of unitarity [52, 53] and recursion [54, 55] based techniques, a wealth of
tree, one- and two-loop multi-point amplitudes are known in QCD. However, for the most
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part, this wealth of data has not been exploited in the study of subleading power corrections
to collider observables.
In this paper we provide a method to directly and efficiently compute subleading power
logarithms for multi-jet event shape observables using known spinor amplitudes. First, we
study the expansion of the two-particle collinear limit to subleading powers in terms of spinor
helicity variables, providing a convenient parametrization in terms of standard kinematic
variables. Then, we exploit consistency relations derived in soft collinear effective theory
(SCET) [56–60] to show that the leading logarithms at subleading power for a broad class
of multi-jet event shape observables can be computed using only the two-particle collinear
limit, to any order in αs. The two particle collinear limit is particularly convenient from the
perspective of multi-jet calculations, since it avoids the complicated phase space integrals that
appear in soft limits. We use several simple examples to show explicitly how this can be done
in an efficient manner. These techniques should enable a rapid extension of the availability
of power corrections to multi-jet processes.
By extending to the multi-point case, we are also able to improve our theoretical under-
standing of subleading power corrections and factorization, since features that are specific to
two back-to-back jet directions no longer apply. In particular, we observe that at subleading
powers, generic multipoint amplitudes exhibit power law, instead of logarithmic divergences.
The proper treatment of these power law divergences in terms of distributions leads to deriva-
tives of the parton distribution functions (PDFs) in hadron collider observables. An inter-
esting feature about multi-point amplitudes is that these singularities arise already at the
squared amplitude level, even if the corresponding phase space integrals are not themselves
singular. This is a generic features whose treatment at fixed order provides the first step
towards understanding their all orders structure for generic amplitudes.
An outline of this paper is as follows. In Sec. 2 we discuss the parametrization of the
two-particle collinear limit in spinor-helicity variables, showing how we can efficiently expand
amplitudes to subleading powers in the collinear limit, and giving several concrete examples.
In Sec. 3 we show how we can use consistency relations derived in SCET to extract subleading
power logarithms for multi-jet event shape observables from the two-particle collinear limit.
In Sec. 4 we discuss the treatment of power law divergences which appear in the power
expansion of amplitudes. We conclude in Sec. 5, and provide an outlook for a number of
applications of the techniques discussed here.
2 Subleading Power Expansions of Spinors
In this section, we describe in detail the subleading power expansion of spinor helicity vari-
ables, focusing on the behavior and parametrization of the two particle collinear limit at
subleading powers. While soft limits have been studied extensively (see e.g. [61] for a re-
cent review), subleading power collinear limits are much less well studied, and therefore
parametrizations of spinors in these limits are less widely known in the literature. A conve-
nient parametrization of the two particle collinear limit at subleading powers was given in
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[62, 63]. In this section, we generalize this parametrization, and make it explicit in terms of
the standard momenta that are useful for calculations of observables in the collinear limit.
In Sec. 3 we will apply this expansion to extract subleading power logarithms in event shape
observables.
2.1 Subleading Power Collinear Limit
Here we will consider the subleading power expansion of the two-particle collinear limit. We
assume that we have two particles with momenta p1 and p2 that are collinear along a direction
n. It is convenient to work in lightcone coordinates, decomposing a given momentum k as
(n · k, n¯ · k, k⊥) ≡ (k+, k−, k⊥). Here n¯ is an auxiliary lightlike vector. As a concrete example
we can take the vectors to be nµ = (1, 0, 0, 1) and n¯µ = (1, 0, 0,−1). We then define particles
collinear to the n direction to have the momentum scaling
(k−, k+, k⊥) ∼ Q(λ0, λ2, λ) , (2.1)
where Q is some typical hard scale for the energy of the collinear radiation and λ  1 is
our power expansion parameter. Note that λ is a scaling parameter that determines the size
of various contributions, and hence does not itself show up in expanded amplitudes. With
this momentum scaling, it is straightforward to expand amplitudes expressed in terms of
standard Mandelstam invariants. However, we would also like to be able to expand amplitudes
expressed in terms of spinor helicity variables. We follow the notation of [50].
To expand particles 1 and 2 in the two particle collinear limit, we parametrize the full
spinors as
|1〉 = c |p〉 − s |r〉 , (2.2)
|2〉 = s |p〉+ ′c |r〉 ,
where p and r are momenta along n and n¯ respectively, and the |p〉 term dominates. The
parameters c and s are such that c2 + s2 = 1, and  and ′ are complex parameters involving
small combinations of momenta in which we will expand, with , ′ ∼ λ. Both  and ′ are
needed in order to take generic collinear limits. The special case with  = ′ corresponds to
an additional kinematic restriction (discussed below), in which case Eq. (2.2) is identical to
the decomposition in Refs. [62, 63]. For square brackets we have the analogous decomposition
|1] = c |p]− ∗s |r] , (2.3)
|2] = s |p] + ′∗c |r] ,
where again the |p] term dominates, and the ∗ indicates complex conjugation. Inverting
Eqs. (2.2) and (2.3), one obtains
|p〉 = 
′c
′c2 + s2
|1〉+ s
′c2 + s2
|2〉 , |p] = 
′∗c
′∗c2 + ∗s2
|1] + s
∗
′∗c2 + ∗s2
|2] , (2.4)
|r〉 = c
′c2 + s2
|2〉 − s
′c2 + s2
|1〉 , |r] = c
′∗c2 + ∗s2
|2]− s
′∗c2 + ∗s2
|1] .
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Now, we solve for the quantities p, r, c, s, , ′ in terms of p1, p2. Without loss of gener-
ality, we shall take n and n¯ to be the four vectors (1, nˆ) and (1,−nˆ) and use the following
representations for the spinors [50]
|k〉 = 1√
2

√
k−√
k+eiφk√
k−√
k+eiφk
 , |k] = 1√2

√
k+e−iφk
−
√
k−
−
√
k+e−iφk√
k−
 , eiφk = kx + iky√k+k− . (2.5)
These correspond to using the Dirac basis of the gamma matrices, and by default we assume
that the convention for spinor momentum labeling is always outgoing. Thus these momenta
are positive for outgoing particles and negative for incoming particles.1 Solving Eq. (2.4) to
obtain the p, r, c, s, , ′ we obtain
p =
(
p−1 + p
−
2
) n
2
, r =
(
p−1 + p
−
2
) n¯
2
, (2.6)
c =
√
p−1
p−1 + p
−
2
≡ √x , s =
√
p−2
p−1 + p
−
2
=
√
1− x ,
 = −
√
p+1
p−2
eiφ1 ≡ −ζ eiφ1 , ′ =
√
p+2
p−1
eiφ2 ≡ ζ ′ eiφ2 ,
where eiφj = (pxj + ip
y
j )/
√
p+j p
−
j for j = 1, 2, and  ∼ ′ ∼ λ are the expansion parameters.
Note that the scaling of collinear momenta makes it manifest that p, r, c, and s are O(λ0)
quantities, and thus Eq. (2.2), allows us to safely expand amplitudes as a power series in 
and ′ which are the only O(λ) variables. One also observes the appearance of the energy
fractions x and (1− x) of 1 and 2 respectively. The series thus obtained will be the limit of
the amplitude when particles 1, 2 become collinear.
For only final state collinear particles (or only initial state collinear particles), we can
exploit the freedom of choosing nˆ in order to make the total transverse momentum for all
particles that are being taken in the collinear limit of Eq. (2.1), to be zero. For two final state
particles this implies p⊥1 = −p⊥2 . Here p−1 > 0, p−2 > 0, and we define the momentum fraction
as
x ≡ p
−
1
p−1 + p
−
2
, (2.7)
where 0 ≤ x ≤ 1. With these assumptions,
c =
√
x , s =
√
1− x , (2.8)
eiφ = eiφ2 = −eiφ1 , ζ = ζ ′ ,  = ζ eiφ = ′ .
1For incoming particles
√−k± = i√k±, and conjugated spinors also get an extra minus sign, which ensures
that spinor identities are valid for both positive and negative outgoing momenta.
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In this case the exact spinor decompositions become simpler:
|1〉 = c |p〉 − s |r〉 , |p〉 = c |1〉+ s |2〉 , (2.9)
|2〉 = s |p〉+ c |r〉 ,  |r〉 = −s |1〉+ c |2〉 ,
|1] = c |p]− ∗s |r] , |p] = c |1] + s |2] ,
|2] = s |p] + ∗c |r] , ∗ |r] = −s |1] + c |2] .
Since here ′ = , the expansion has also been reduced to a single small parameter .
Another interesting case is the collinear limit between an emission with outgoing momen-
tum p1 and an initial state particle with outgoing momentum p2. Here p
−
1 > 0 and p
−
2 < 0 and
we can define the momentum fraction (1− z) for the emission relative to the initial particle,
via
1− z = p
−
1
−p−2
, (2.10)
where 0 ≤ z ≤ 1. In this case its natural to choose nˆ so that we have p⊥2 = 0 (rather than
the sum of the two ⊥-momenta). With these assumptions we have
c =
√
1− 1
z
= i
√
1
z
− 1 , s = 1√
z
, ′ = ζ ′eiφ2 = 0 . (2.11)
We also have |2〉 = (1/√z)|p〉, and |2] = (1/√z)|p], so that these spinors are already aligned
with the collinear direction. In this situation there is still an expansion for |1〉 and |1] from
Eqs. (2.2) and (2.3), and once again, the expansion is in the single parameter .
Employing these parametrizations of the spinors, we can efficiently expand in the two
particle collinear limits. The usual leading power simplification that arises for an amplitude
in the collinear limit can be illustrated with the MHV four-point gluon amplitude. In the
limit where 12 are collinear we have
A(1−2+3−4+)1‖2 =
〈13〉4
〈12〉〈23〉〈34〉〈41〉
∣∣∣
1‖2
=
c3
s〈12〉
〈p3〉4
〈p3〉〈34〉〈4p〉 + . . . , (2.12)
where the splitting function c3/(s〈12)〉) = c3/(s〈pr〉) ∼ λ−1 makes the displayed term
O(λ−1). This result is valid for both outgoing and incoming particles. The terms in the
ellipses in Eq. (2.12) are terms of higher power in the collinear limit. In the next few sections
we illustrate results for subleading terms in the collinear limit through a couple of examples.
2.2 Example: H → q¯qQ¯Q
As an illustrative example, we shall derive the subleading collinear limits for the process of
decay of a color singlet into 4 partons, which has all particles outgoing. For concreteness and
simplicity, we shall take the singlet to be a Higgs, and the 4 partons to be two quark-antiquark
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pairs with differing flavors. At tree-level, only the following helicity confugurations contribute
[64]:
A(1+q , 2
−
q¯ ; 3
+
Q, 4
−
Q¯
; 5H) =
1
2
( 〈24〉2
〈12〉〈34〉 +
[13]2
[12][34]
)
, (2.13)
A(1+q , 2
−
q¯ ; 3
−
Q, 4
+
Q¯
; 5H) = −1
2
( 〈23〉2
〈12〉〈34〉 +
[14]2
[12][34]
)
.
The conjugate helicity configurations can be obtained using parity. To illustrate the types
of structures that the subleading power expansion yields we will consider two choices for the
pairs of particles going collinear. In one case there will be no leading power collinear limit,
and in the other case there is a leading power collinear, which gives a more complicated result.
We begin by analyzing the behavior of the amplitude when quark 1 and antiquark 4
become collinear. This particular collinear limit has no leading power, O(λ−1), term in the
amplitude since there is no spinor product with 14 in the denominator of Eq. (2.13). This
makes extracting the next-to-leading behavior in the collinear limit straightforward, since one
can just use the standard leading power expressions for the spinors, namely
|1〉 = √x |p〉 , |4〉 = √1− x |p〉 , (2.14)
|1] = √x |p] , |4] = √1− x |p] .
Substituting these into the amplitudes, we get the following expansion in λ
A(1+q , 2
−
q¯ ; 3
+
Q, 4
−
Q¯
; 5H)1‖4 = 0×O(λ−1)−
1
2
(√
x
1− x
〈p2〉
〈p3〉 +
√
1− x
x
[3p]
[2p]
)
+O(λ) ,
A(1+q , 2
−
q¯ ; 3
−
Q, 4
+
Q¯
; 5H)1‖4 = 0×O(λ−1) +
〈23〉2
2
√
x(1− x)〈p2〉〈p3〉 +O(λ) . (2.15)
Note that these results are expressed entirely in terms of the collinear spinors |p〉, |p], the
momentum fraction x, and the spinors for the other directions. These subleading power
expressions take a very simple form, due to the fact that there was no leading power term.
In the first case where the quark and antiquark have opposite helicities, we see that the
amplitude behaves like that for a scalar in the direction p. In the second case when they
have the same helicity, it behaves like an amplitude for a particle with spin 1 along p. It
would be interesting to understand this in more generality. Some work in this direction,
involves representing subleading power collinear limits of gluon amplitudes in terms of mixed
Einstein-Yang-Mills amplitudes [62].
For helicity configurations that do not have a leading power limit, it is also simple to get
the power suppressed squared amplitude in the collinear limit to O(λ2), since this comes only
from the interference of the two O(λ) suppressed amplitudes. Neglecting any color structures,
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we find that the amplitude squared have the following subleading O(λ0) terms:
|A(1+q , 2−q¯ ; 3+Q, 4−Q¯; 5H)|21‖4 = 0×O(λ−2) + 0×O(λ−1) +
[(1− x) sp2 + x sp3]2
4 x(1− x)sp2sp3 +O(λ) ,
|A(1+q , 2−q¯ ; 3−Q, 4+Q¯; 5H)|21‖4 = 0×O(λ−2) + 0×O(λ−1) +
s223
4 x(1− x)sp2sp3 +O(λ) . (2.16)
In this case, they involve only Mandelstam invariants with the direction p, as well as the
momentum fraction x, but do not otherwise involve the substructure of the splitting. These
can now be trivially integrated over the collinear phase space to obtain subleading power
corrections for an event shape observable, as we will describe in Sec. 3.
The previous limit was particularly simple due to the fact that it did not have a leading
power term. To illustrate a slightly more complicated example, we examine the behavior of
the amplitudes in (2.13) when the 12 quarks become collinear. This collinear limit has a
leading power term, which is governed by the standard leading power collinear factorization.
We must therefore keep all the subleading terms in the expansion of the spinors. In this case
the required substitutions are
〈12〉 = ζeiφ〈pr〉 , [12] = ζe−iφ[pr] , (2.17)
〈1i〉 = √x 〈pi〉 − ζeiφ√1− x 〈ri〉 , [1i] = √x [pi]− ζe−iφ√1− x [ri], for i = 3, 4 ,
〈2i〉 = √1− x 〈pi〉+ ζeiφ√x 〈ri〉 , [2i] = √1− x [pi] + ζe−iφ√x [ri], for i = 3, 4 .
Plugging these in to the amplitudes and expanding, we arrive at the following structure for
the amplitudes
A = A(0) +A(1) +A(2) + · · · , (2.18)
where the leading power term A(0) ∼ O(λ−1), and each successive term acquires a power in
λ, so A(n) ∼ O(λ−1+n).
The leading power amplitudes obey the well known factorization into a splitting function
and a lower point amplitude
A(0) =
∑
h=±
Split−h(a, b;x)An−1(. . . , p
h, . . .) . (2.19)
where the tree level splitting amplitudes can be found summarized in Appendix II of Ref. [52].
For our example, the lower point amplitudes we require are
A(p+; 3+q , 4
−
q¯ ; 5H) =
[p3]2
[34]
, A(p−; 3+q , 4
−
q¯ ; 5H) =
〈p4〉2
〈34〉 , (2.20)
and the relevant splitting functions are given by
Split+(q, q¯;x) =
(1− x)
〈qq¯〉 , Split−(q, q¯;x) =
x
[qq¯]
. (2.21)
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We therefore have
A(0)(1+q , 2
−
q¯ ; 3
+
Q, 4
−
Q¯
; 5H)1‖2 =
(1− x)e−iφ 〈p4〉2
2ζ〈pr〉〈34〉 +
x eiφ[3p]2
2ζ[rp][43]
(2.22)
=
(1− x)e−iφ
2ζ〈pr〉 A(p
−; 3+Q, 4
−
Q¯
; 5H) +
x eiφ
2ζ[pr]
A(p+; 3+Q, 4
−
Q¯
; 5H) ,
and
A(0)(1+q , 2
−
q¯ ; 3
−
Q, 4
+
Q¯
; 5H)1‖2 = −
[
(1− x)e−iφ 〈p3〉2
2ζ〈pr〉〈34〉 +
x eiφ[4p]2
2ζ[rp][43]
]
(2.23)
=
(1− x)e−iφ
2ζ〈pr〉 A(p
−; 3−Q, 4
+
Q¯
; 5H) +
x eiφ
2ζ[pr]
A(p+; 3−Q, 4
+
Q¯
) ,
which implies
A(0)(1+q , 2
−
q¯ ; 3
+
Q, 4
−
Q¯
; 5H)1‖2 =
∑
h=±
Split−h(1
+
q , 2
−
q¯ ;x) A(p
h; 3+Q, 4
−
Q¯
; 5H), (2.24)
A(0)(1+q , 2
−
q¯ ; 3
−
Q, 4
+
Q¯
; 5H)1‖2 =
∑
h=±
Split−h(1
+
q , 2
−
q¯ ;x) A(p
h; 3−Q, 4
+
Q¯
; 5H) ,
as expected from Eq. (2.19).
More interesting are the subleading power terms. We find
A(1)(1+q , 2
−
q¯ ; 3
+
Q, 4
−
Q¯
; 5H)1‖2 =
√
x(1− x)
[〈p4〉〈r4〉
〈pr〉〈34〉 −
[3p][3r]
[rp][43]
]
, (2.25)
A(1)(1+q , 2
−
q¯ ; 3
−
Q, 4
+
Q¯
; 5H)1‖2 = −
√
x(1− x)
[〈p3〉〈r3〉
〈pr〉〈34〉 −
[4p][4r]
[rp][43]
]
,
and
A(2)(1+q , 2
−
q¯ ; 3
+
Q, 4
−
Q¯
; 5H)1‖2 = ζ
xeiφ 〈r4〉2
2〈pr〉〈34〉 + ζ
(1− x) e−iφ[3r]2
2[rp][43]
, (2.26)
A(2)(1+q , 2
−
q¯ ; 3
−
Q, 4
+
Q¯
; 5H)1‖2 = −ζ
xeiφ 〈r3〉2
〈pr〉〈34〉 − ζ
(1− x) e−iφ[4r]2
2[rp][43]
.
These amplitudes have an interesting structure. First, note that they depend on both the p
and r directions. These O(λ2) suppressed amplitudes have the interesting feature that they
factorize as
A(2) =
∑
h=±
Split−h(a, b;x)An−1(. . . , r
h, . . .) , (2.27)
namely onto a lower point amplitude but involving the residual vector r. It would be inter-
esting to understand in general the factorization structure of these amplitudes, even at tree
level. Some work in this direction at tree level has been done in [62, 63]. It seems that this
depends significantly on whether or not there exists a leading power collinear limit, since
– 8 –
Eq. (2.27) does not hold for our earlier example. However, for our purposes, it is sufficient
to be able to expand the spinor amplitudes to subleading power, whether or not a general
formula can be constructed.
To compute the cross section to O(λ2), we must now consider the different interference
terms, which gives a more complicated result. Noting that the color structure is identical for
all helicity configurations, we simply sum over all possible configurations to get:∑
all configs
|A|2 = (|A|2)(0) + (|A|2)(1) + (|A|2)(2) + . . . (2.28)
where the order of the various terms here is given by (|A|2)(k) ∼ O(λ−2+k). The leading term
at O(λ−2) is given by:
(|A|2)(0) = (1− 2x+ 2x
2)(s2p3 + s
2
p4)− 4x(1− x)sp3sp4
2ζ2sprs34
(2.29)
+
4x(1− x) Re(sp4〈p|3|r]e−iφ − sp3〈p|4|r]e−iφ)2
ζ2s2prs
2
34
,
where Re(z) denotes the real part of z. The factors 〈p|k|r]e−iφ turn out to appear frequently
in the squared amplitudes, so it is worth getting some intuition by evaluating it explicitly.
We have that
〈p|k|r] = 〈p−| γµ |r−〉 kµ . (2.30)
Using the Dirac basis for the gamma matrices, we have that
|p−〉 = 1√
2
(
ξ
−ξ
)
where ξ =
(
0
−
√
p−
)
, (2.31)
|r−〉 = 1√
2
(
η
−η
)
where η =
(√
r+
0
)
.
Thus, it follows that
〈p−| γ0 |r−〉 = ξ†η = 0 , (2.32)
〈p−| γi |r−〉 = −ξ†σiη .
This enables us to obtain the following expression
〈p|k|r] =
√
p−r+(kx + iky) , (2.33)
where (kx, ky) are the components of the transverse momentum. Thus, we see that a particular
simple expression follows for the following term
Re(〈p|k|r]e−iφ) =
√
p−r+(kx cosφ+ ky sinφ)
=
√
spr |kT |(kˆ · φˆ) (2.34)
– 9 –
where |kT | is the magnitude of the transverse momentum, and kˆ and φˆ are unit vectors in
the plane transverse to nˆ. We thus gain some intuition for the appearance of the factor.
Moreover, it becomes apparent that:
• If the expression appears linearly, it will vanish upon integration to obtain the cross
section, since it is odd in φˆ.
• Secondly, it captures the effect of projecting the momentum from other sectors onto
transverse components in the n sector.
We now write the (|A|2)(1) ∼ O(λ−1) term :
(|A|2)(1) =
√
x(1− x)(1− 2x)
{
2(sp3 + sp4)
[
|p3T |(pˆ3 · φˆ) + |p4T |(pˆ4 · φˆ)
]
ζ
√
sprs34
−
4
(
sp4|p3T |(pˆ3 · φˆ)− sp3|p4T |(pˆ4 · φˆ)
)
(sp4sr3 − sp3sr4)
ζs
3/2
pr s234
} (2.35)
which as argued in the previous part vanishes upon integration. Finally the most interesting
term is the subsubleading term (|A|2)(2) ∼ O(λ0) :
(|A|2)(2) = 1− (1− 2x+ 2x
2)(sp4sr3 + sp3sr4)
sprs34
(2.36)
+
2x(1− x)(sp3sr3 + sp4sr4)
sprs34
+
4x(1− x)
[
|p3T |(pˆ3 · φˆ) + |p4T |(pˆ4 · φˆ)
]2
s34
+
4x(1− x)
[
sp4|p3T |(pˆ3 · φˆ)− sp3|p4T |(pˆ4 · φˆ)
] [
sr4|p3T |(pˆ3 · φˆ)− sr3|p4T |(pˆ4 · φˆ)
]
sprs234
+
(1− 2x)2(sp4sr3 − sp3sr4)2
s2prs
2
34
.
Since φˆ appears quadratically here, this amplitude does not vanish when integrated over the
angle φ.
Using the parametrization of this section, one can efficiently expand any amplitude ex-
pressed in terms of spinors in the two particle collinear limit. As we will show below, this is in
fact sufficient to derive the leading logarithms at subleading power for event shape observables
at any order in αs.
3 Subleading Power Logarithms in Event Shape Observables
Having understood how to expand spinor amplitudes in the subleading power collinear limit,
we would like to apply this to the calculation of subleading power logarithms for multi-jet
observables. While our expansion techniques can be used quite generally, as an example
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of particular interest, we will consider the N -jet event shape N -jettiness, TN [65]. The N -
jettiness observable has received significant recent attention since it can be used to formulate
a subtraction scheme for performing NNLO calculations with jets in the final state, known
as N -jettiness subtractions [66, 67], which have been used to compute W/Z/H/γ+ jet at
NNLO [66, 68–71], as well as inclusive photon production [72].
The N -jettiness observable is defined as [65]
TN =
∑
k∈event
min
i
{2qi · pk
Qi
}
=
∑
j
TNj , TNj =
∑
`∈collj
2qj · p`
Qj
, (3.1)
where in the first equality the sum over k runs over the total number of final state particles
and the minimum runs over i = {a, b, 1, . . . , N}. In the remaining terms, the sum over j runs
over the different collinear sectors j = {a, b, 1, . . . , N} and the sum over ` ∈ collj runs over
the number of particles in the collinear sector j as determined by the minimization. This
observable can therefore be viewed as projecting the radiation in the event onto N axes plus
the two beam directions, as shown in Fig. 1. While more general measures are possible, the
above choice di(pk) = (2qi · pk)/Qi is convenient for theoretical calculations, because it is
linear in the momenta pk [73, 74]. The qi are massless reference momenta corresponding to
the momenta of the hard partons present at Born level,
qµi = Ein
µ
i , n
µ
i = (1, nˆi) , |nˆi| = 1 . (3.2)
In particular, the reference momenta for the incoming partons are given by
qµa,b = xa,b
Ecm
2
nµa,b , n
µ
a,b = (1,±zˆ) , (3.3)
where
2Ea = xaEcm = nb · (q1 + · · ·+ qN + qL) = QeY ,
2Eb = xbEcm = na · (q1 + · · ·+ qN + qL) = Qe−Y ,
Q2 = xaxbE
2
cm , Y =
1
2
ln
xa
xb
. (3.4)
Here, qL is the total momentum of any additional color-singlet particles in the Born process,
and Q and Y now correspond to the total invariant mass and rapidity of the Born system. A
more detailed discussion of the construction of the qi in the context of fixed-order calculations
and N -jettiness subtractions can be found in Ref. [67]. We will discuss this in detail below
only for 1-jettiness, which is the case of interest here.
For τN = TN/Q 1, with Q a typical hard scale, one is forced into the soft and collinear
limits, and one can expand the cross section in powers of τN as
dσ
dτN
=
dσ(0)
dτN
+
dσ(2)
dτN
+
dσ(4)
dτN
+ · · · . (3.5)
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The first term in this expression, dσ(0)/dτN contains the most singular terms, with the scaling
dσ(0)
dτN
∼ δ(τN ) +
[O(1) lnj τN
τN
]
+
, (3.6)
with various values of j ≥ 0. These are referred to as the leading power terms, and a
factorization formula [75] describing these terms has been derived in SCET [56–60]. It takes
the schematic form
dσ(0)
dτN
=
∫
dxa dxb dΦN (qa+ qb; q1, . . .) (3.7)
×
∑
κ
tr
[
Ĥκ({qi})Ŝκ
]⊗ [BκaBκb∏
J
JκJ
]
.
Here B are beam functions, J are jet functions, and S is the soft function, and κ denotes
different partonic channels. The kinematic dependence on the jet directions is described by
the hard function, H, which is the infrared finite part of the squared matrix element for the
N -jet process. We will compare this kinematic dependence to what we find later for the power
corrections.
Beyond the terms described by this factorization formula, there are terms which scale as
τN
dσ(2k)
dτN
∼ O(τkN lnjτN ) , (3.8)
with k ≥ 1, j ≥ 0. Since they are suppressed by powers of the observable, τkN , we refer to
them as power corrections. It has been shown that the calculation of these power suppressed
terms can significantly improve the performance of N -jettiness subtractions. This has been
explicitly illustrated in the case of color singlet production in [26, 27, 30, 37, 38]. However,
one would like to extend this to the case of multiple jets in the final state, where they are
most needed.
The calculation of the power corrections for TN in the case of multiple jets is quite com-
plicated. For applications, one would like to compute it to NNLO, namely with two additional
emissions. Due to the presence of the multiple regions inherent in the N -jettiness definition,
the multiparticle phase space becomes very complicated. Fortunately, in [26] consistency
relations were derived that show that the leading logarithms at subleading power can be
computed to any order in αs by considering virtual corrections to the subleading power two-
particle collinear limits. While this was shown in the context of color singlet production, it
also holds more generally, as discussed in Sec. 3.1. This implies that the parametrization of
Sec. 2 for the two particle collinear phase space is in fact sufficient to obtain the full leading
log result at subleading power. This is a remarkable simplification, as it enables the calcula-
tion to be performed at any order in αs as a sum over two particle collinear limits, instead of
having to consider complicated multi-particle phase space integrals.
In this section we will show how to efficiently extract the leading logarithmic subleading
power corrections for a process for which the helicity amplitudes are known by exploiting the
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Figure 1: The N -jettiness observable measures the projection of radiation onto N axes plus
the two beam directions.
consistency relations and applying the methods explained in Sec. 2.1. In Sec. 3.1 we review
the consistency relations, which will allow us to derive all our results from the two-particle
collinear limit. In Sec. 3.2 we set up the phase space for integrating over the two particle
collinear limit, and then in Sec. 3.3 we give an explicit example for H → qq¯gg. Since the
goal of this paper is to illustrate the method, rather than perform a complete calculation
for a particular process, we will illustrate it on simple tree level amplitudes. However, since
we show that the leading logarithm can be extracted from the two particle collinear phase
space, at higher orders one simply would consider the two-particle collinear limit of a more
complicated amplitude.
We also note that for the complete calculation of the power corrections for the N -jettiness
observable, one must consider not only power corrections arising from i) the expansion of the
matrix element, but also power corrections arising from ii) the expansion of the phase space,
ii) the flux factors, and iv) the measurement definition. These sources of power corrections,
and techniques for systematically organizing their expansion have been discussed in great
detail in [38]. These later three types of corrections are primarily a bookkeeping exercise,
and while they do have the same importance for the final result, they are not associated with
the subleading power expansion of the amplitude. In this section, we focus purely on case i),
illustrating how the leading logarithms can be extracted from expanding spinor amplitudes
in the two-particle collinear limits. The application to a full process of interest will be carried
out in a future publication.
3.1 Consistency Relations
We begin by reviewing the consistency relations derived in [26], which will reduce the problem
of computing the subleading power leading logarithms of multi-jet event shape observables to
the calculation of phase space integrals over two-particle collinear limits. The results of [26]
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were presented in the context of color singlet production, but apply more generally, since they
follow from the properties of SCET amplitudes and SCETI observables, and do not depend
on the particular hard process.
We consider the fixed order calculation of the cross section in SCET. In SCET, each
particle is either soft, collinear, or hard, and each graph gives a result with a homogeneous
scaling in τN , depending on the number of soft, collinear and hard particles. Explicitly, we
can write the n-loop result for the cross section at subleading power, which we denote with
the super script (2, n), as
dσ(2,n)
dτN
=
∑
κ
2n−1∑
i=0
cκ,i
i
(
µ2n
Q2nτ
m(κ)
N
)
{ff, f ′f, f ′′f, f ′f ′}
+ . . . . (3.9)
Here the ellipses include UV renormalization, and collinear PDF renormalization, which are
not leading logarithmic effects, and so we will not discuss them further. In the first line, we
have included a number of different PDF structures, including derivatives, which can exist in
the final result. In Eq. (3.9) we suppress all flavor indices on the coefficients c, and on the
PDFs, and we will continue to do this throughout this section. For example, it is implicit
that the PDF structures f ′afb and faf ′b both occur, etc. The origin of these terms will be
discussed in Sec. 4. The consistency relations will hold separately for each different structure.
Their arguments have been dropped, since they are not relevant for the current discussion.
In this expression κ and γ label the scalings obtained from the contributing particles, i.e.,
hard, collinear, or soft, and m(κ) ≥ 1 is an integer. To be concrete, at one loop (n = 1), we
have a single particle, which can be either soft, or collinear. We therefore have
soft: κ = s , m(κ) = 2 ,
collinear: κ = c , m(κ) = 1 . (3.10)
At two loops (n = 2), as relevant for NNLO we have the following possibilities
hard-collinear: κ = hc , m(κ) = 1 ,
hard-soft: κ = hs , m(κ) = 2 ,
collinear-collinear: κ = cc , m(κ) = 2 ,
collinear-soft: κ = cs , m(κ) = 3 ,
soft-soft: κ = ss , m(κ) = 4 . (3.11)
The cκ,i in Eq. (3.9) are coefficients of the poles in  arising from the graphs with the different
scalings, and differ for the different cases {ff, f ′f, f ′′f, f ′f ′}.
The main insight which allows for a dramatic simplification is that the pole terms must
cancel, which places a number of relations on the values of the cκ,i. In particular, at one loop,
one finds
cs,1 = −cc,1 . (3.12)
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The leading logarithmic result at NLO for a given channel and PDF structure can then be
written as
dσ(2,2)
dτN
= ln τN
(
c
(ff)
c,1 ff + c
(f ′f)
c,1 f
′f + c(f
′′f)
c,1 f
′′f + c(f
′f ′)
c,1 f
′f ′
)
, (3.13)
implying that one need only compute either the soft contributions, or the collinear contribu-
tions. At two loops, we have
chc,3 =
ccs,3
3
= −css,3 = −1
3
(chs,3 + ccc,3) , (3.14)
as well as a number of additional relations that were given in [26], but that are not relevant for
the current discussion. These relations apply in each color channel, and for each combination
of PDFs. For a particular contribution, we can then write the leading logarithm purely in
terms of the hard-collinear coefficient
dσ(2,2)
dτN
= ln3 τN
(
c
(ff)
hc,3 ff + c
(f ′f)
hc,3 f
′f + c(f
′′f)
hc,3 f
′′f + c(f
′f ′)
hc,3 f
′f ′
)
. (3.15)
Again, the different PDF structures in parentheses indicate that this will hold for each struc-
ture. This implies that one need only consider a two particle collinear limit with hard virtual
loops, and that no multi-particle phase space integrals need to be performed. One can simply
perform the two particle phase space integral of the amplitude expanded in the two-particle
collinear limit, for which we have given a convenient parametrization in terms of spinors.
3.2 Collinear Phase Space Integral
Having shown that we can extract everything from the two particle collinear limits, in this
section, we show how we can easily extract the leading logarithm at next to leading power
for the matrix element corrections for the N -jettiness observable. For concreteness we will
consider the case of color singlet production in association with N -jets in pp collisions, other
cases like the decay of a color singlet into an arbitrary number of jets can be worked out along
the same lines.
Following the notation of Ref. [67], to study color singlet production in association with
N -jets in pp collisions at Born level we take two incoming beams with momentum qµa and q
µ
b ,
N -jets with momenta {qµi }Ni=1 and some non hadronic final states (the color singlet) which
we take to have total momentum qµ and we refer to the complete Born phase space ΦN as
dΦN =
1
2Ecm
∫
dxa
xa
∫
dxb
xb
∫
dΦN (qa + qb; q1, . . . , qN , q)
dq2
2pi
dΦL(q)
∑
k
sk , (3.16)
where ΦN (qa + qb; q1, . . . , qN , q) is the standard N -body Lorentz invariant phase space, the
phase space integral dΦL(q) describes the kinematics of the non-hadronic final states and∑
k sk includes any symmetry, color and/or averaging factors, which differ for each partonic
channel. We define the born measurement Mˆborn to fix all kinematic variables that are not
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zero at leading order, hence the cross section dσ/(dMˆborndTN ) which is fully differential in
both the Born measurement Mˆborn and TN for such a process at LO is by definition
dσ
dMˆborndTN
=
∫
dΦN |M|2Mˆborn(ΦN )δ(TN − TˆN [ΦN ]) = σ0(Mˆborn)δ(TN ) . (3.17)
Now let’s consider an emission with momentum kµ collinear to one of the collinear di-
rections. For definiteness, let’s consider an emission collinear to the N -th jet. We will later
perform a sum over all collinear directions. The phase space for color singlet + N -jets and
an additional emission, ΦN+1, can be written as a function of the born phase space for color
singlet + N -jets, ΦN , and the two particle phase space Φ2 via∫
dΦN+1(q; p1, . . . , pN , k) =
∫
dΦ2(P˜ ; pN , k)dΦN (q; p1, . . . , pN−1, P˜ )(2pi)3dm20 , (3.18)
where m20 is the virtuality of P˜ (ie. in dΦN we have δ(P˜
2 −m20)) and the two particle phase
space2 is∫
dΦ2(P˜ ; pN , k) =
∫
d4pN
(2pi)4
∫
d4k
(2pi)4
δ+(p2N )δ
+(k2)(2pi)4δ(4)(P˜ − pN − k) . (3.19)
One can then use the born measurement Mˆborn to fix all the integrals in dΦN (q; p1, . . . , pN−1, P˜ ).
If we are interested in the differential cross section in TN , then the phase space is con-
strained by the TN measurement function
δTN ≡ δ
(
TN − TˆN [{k,ΦN}]
)
≡ δ
(
TN −
∑
j
TNj
)
, (3.20)
which follows from the TN definition of Eq. (3.1). As explained in [65], at leading power with
a single collinear emission we have
TNj
∣∣
1-emission
= tj/Q , (3.21)
where tj is the virtuality of the collinear sector j where the emission lies. In our case all
{pj}j 6=N can be taken as purely collinear such that their collinear sector has no virtuality.
However, even if we choose our axis such that the P˜µ momentum has no perpendicular
momentum, P˜⊥ = 0, the vector P˜ still has an invariant mass. With these choices we therefore
have
TNj = 0 ∀j 6= N , TNN = P˜+ . (3.22)
Thus the measurement takes the form
δTN = δ(TN − P˜+) . (3.23)
Note that in general δTN can have an expansion in λ. Since we are interested only in the
leading power phase space we will keep always the leading term for δTN and we will refer to
it as δ
(0)
TN .
2Note the δ(4) that defines P˜µ = pµN + k
µ.
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The d-dimensional phase space for k in lightcone coordinates is given by∫
ddk
(2pi)d
δ+(k2) =
1
(4pi)2
∫
dk+dk−
(k+k−)
∫
dΩ2−2
(2pi)1−2
. (3.24)
If the integrand is spherically symmetric we can do the solid angle integral using∫
dΩ2−2
(2pi)1−2
=
(4pi)
Γ(1− ) ≡ $
 . (3.25)
However, as we have seen in section Sec. 2, in general the amplitudes with multiple collinear
directions can depend on φ at subleading power, in that case we use∫
ddk
(2pi)d
δ+(k2) =
$
(4pi)2
∫
dk+dk−
(k+k−)
∫ 2pi
0
dφ
2pi
. (3.26)
We call Q the energy (or large component) of the jet momentum P˜ and x the fraction of it
that the emission takes away. In this way we change variable
k− → xQ ,
∫ Q
0
dk−
(k−)
= Q1−
∫ 1
0
dx
x
(3.27)
and one can show 3 that the N -jettiness measurement fixes the k+ component via
δ
(0)
TN = δ
(
k+ − (1− x)TN
)
. (3.29)
Combining Eqs. (3.27) and (3.29) we get∫
dk+dk−
(k+k−)
δ
(0)
TN = Q(TNQ)−
∫ 1
0
dx
x(1− x) . (3.30)
Therefore, the leading power phase space for N -jets + one collinear emission inside the i-th
jet reads∫
dΦN+1δTNi =
∫
dΦ
(0)
N
(
$
TNQ
) ∫ 1
0
dx
x(1− x)
∫ 2pi
0
dφ
(2pi)
Q
(4pi)2
+O(TN )
≡
∫
dΦ
(0)
N dΦ
(0)
2,i (TN ) +O(TN ) , (3.31)
where we defined
dΦ
(0)
2,i (TN ) ≡
(
$
TNQ
) ∫ 1
0
dx
x(1− x)
∫ 2pi
0
dφ
(2pi)
Q
(4pi)2
, (3.32)
3 From Eq. (3.18) use the dm20 integral and the δ(P˜
2 −m20) which is part of dΦN , to solve the δ(p2N ) after
using momentum conservation:∫
dm20 δ(m
2
0 − 2P˜ · k)︸ ︷︷ ︸
from δ+(p2
N
)
δ(P˜ 2 −m20)︸ ︷︷ ︸
part of ΦN
δ(TN − P˜+)︸ ︷︷ ︸
δTN
= δ(P˜ 2 − TN P˜−)︸ ︷︷ ︸
put it back into ΦN
δ(k+ − TN (1− x)) . (3.28)
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as the two particle phase space resulting from one emission inside the i-th jet constrained by
the TN measurement. Note that in general the TN measurement Eq. (3.20) gets contributions
from the radiation kµ being collinear to any collinear direction in the event. Since we are
considering only one emission on top of the Born configuration at a time we are always able
to isolate the contribution to the TN measurement to one collinear sector, hence the leading
power phase space for N -jets + one collinear emission inside any jet reads
∫
dΦN+1δ
TN −∑
j
min
i
{2qi · pj
Qi
} = ∫ dΦ(0)N N∑
i=1
Φ2,i(TN ) . (3.33)
A special case to consider separately is when the emission is collinear to one of the beams
which contains the incoming particles. In that case the parton distribution functions enter
the collinear phase space. For concreteness let’s take kµ ‖ qµa . The steps follow closely those
already done above so we won’t repeat them.
The main difference is that, since4 qµa =
xa
za
Ecm
nµ
2 , we have
δ
(0)
TNa = δ(TN − e
−Y k+) , k− = xa
(1− za)
za
, (3.34)
and one makes the choice of using a different change of variable for k− namely k− =
xaEcm
(1−za)
za
. In this way the PDF related to the beam direction to which kµ is collinear
enters the collinear integral, and we have
dΦ2,a(TNa)fa(xa) =
(
$
TNQ
) ∫ 1
xa
dza
za
fi
(
xa
za
)
za
(1− za)
∫ 2pi
0
dφ
(2pi)
Q
(4pi)2
, (3.35)
where the fa(xa) factor is needed to keep the same normalization as in Eq. (3.31).
We now want to combine Eq. (3.33) with the power correction to the matrix element
squared in order to get the subleading component of the fully differential cross section due
to the matrix element correction. In order to do so, let us define the matrix element squared
expansion as two particles go collinear in the qj as
|M|2 = (|A|2)(0)j︸ ︷︷ ︸
∼λ−2
+ (|A|2)(2)j︸ ︷︷ ︸
∼λ0
+O(λ) , (3.36)
and we have assumed that (|A|2)(1)j vanishes upon integration over φ. We also note that
(|A|2)(i) is only a function of the born variables contained in Mˆborn, TN , and x, φ
(|A|2)(i) = (|A|2)(i)(Mˆborn, TN , x, φ) . (3.37)
4 Note that this relation is true only at LP, which is enough for the LP phase space calculation we are
considering here. If one were to consider the power corrections coming from the phase space, then in general
qµa = xaEcm
(
1
za
+ ∆(2)a︸︷︷︸
∼TN
)
nµ
2
. See Section 3 of Ref. [38] for a detailed discussion on this.
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In the following, we are going to leave understood the explicit dependence on Mˆborn in
(|A|2)(i).
Using the result for the leading power phase space, the subleading component of the fully
differential cross section due to the matrix element correction for an emission inside a jet
reads
dσ
(2)
(|A|2),jet
dMˆborndTN
=
∑
kk′={q,g}
fk(xa)fk′ (xb)
2E4cmxaxb
N∑
j=1
∫
dΦ2,j(|A|2)(2)j (x, φ) (3.38)
=
∑
kk′={q,g}
fk(xa)fk′ (xb)
2E4cmxaxb
N∑
j=1
(
µ2
TNQ
) ∫ 1
0
dx
x(1− x)
∫ 2pi
0
dφ
(2pi)
Q
(αs
4pi
)
(|A|2)(2)j (x, φ) ,
where we extracted for convenience the coupling and its MS scale µ from the matrix element
squared since we will use helicity amplitudes which are typically given with the coupling
understood. We conclude by considering the case where the radiation kµ is collinear to one
of the beams, in this case we have
dσ
(2)
(|A|2),beam
dMˆborndTN
=
∑
kk′={q,g}
fk′ (xb)
2E4cmxaxb
(
µ2
TNQ
) ∫ 1
xa
dza
za
fk
(
xa
za
)
za
(1− za) (3.39)
×
∫ 2pi
0
dφ
(2pi)
Q
(αs
4pi
)
(|A|2)(2)a (za, φ) + (a↔ b) ,
where xa,b are Born variables fixed by dMˆborn and (|A|2)(2)a(b) is the one emission matrix element
squared when the radiation is collinear to the incoming n(n¯) direction (and we remind the
reader that the subscript (2) indicates that this is the subleading power term in the collinear
expansion which is suppressed by O(λ2) w.r.t. the leading term). Together Eqs. (3.38) and
(3.39) give the necessary expressions to obtain the leading logarithms.
3.3 Example of Extracting Subleading Power Logarithms
In this section we give two examples of extracting the logarithms of the event shape. This is
meant to serve two purposes. First, it will illustrate how simple it is to extract logarithms of
the event shape from the two-particle collinear limit. Second, although we will not compute
the complete result for the power corrections for N -jettiness for a particular process, the
results will illustrate the general structure appearing in such results, which is already quite
interesting.
3.3.1 Full Matrix Element Corrections for gq → Hq
Let us start by analyzing the case of Higgs production in gluon fusion at next to leading power.
In this case the power correction to the fully differential cross section has been calculated at
LL in Ref. [30] both at NLO and NNLO.5 Reproducing the contribution to this result coming
5The full O(αs) correction has later been computed in Ref. [38]. Earlier results for the inclusive cross
section in the hadronic τ definition can also be found in Refs. [27, 37] at LL and NLL respectively.
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from the matrix element corrections will give us the occasion to illustrate the techniques
presented in this paper in a known example and to cross check the result. Note that we will
be following the notation of [38] where the separation of the phase space contributions and
the matrix element corrections are given explicitly.
The master formula for the matrix element corrections to the fully differential cross
section of color singlet production in the collinear limit is given by6 [38]
dσ
(2)
n,(|A|2)(2)
dQ2dY dT =
∫ 1
xa
dza
za
fa (xa/za) fb(xb)
2xaxbE4cm
za
(1− za)
(
QT )−Q(4pi)
Γ(1− )(4pi)2 (|A|
2)(2)(Q,Y, za) , (3.40)
where the Born measurement has been chosen to be the color singlet invariant mass Q and
rapidity Y . Note that Eq. (3.40) correctly matches Eq. (3.39) up to our slightly different
conventions here for the inclusion of coupling, MS scale and factors in (|A|2)(2). We now
want to apply the techniques of Sec. 2 to compute (|A|2)(2)(Q,Y, za) and extract the leading
logarithmic term by taking the soft limit of the amplitude and plug it in Eq. (3.40). For
conciseness we limit ourselves to the gq → Hq channel.
The relevant amplitudes are [76]
A(1+, 2+q , 3
−
q¯ ; 4H) = −
1√
2
[12]2
[23]
,
A(1−, 2+q , 3
−
q¯ ; 4H) = −
1√
2
〈13〉2
〈23〉 . (3.41)
Now, we implement our expansion, and square to obtain
(|A|2)(0)gq,n = 0 , (|A|2)(2)gq,n = 2CF
(|A|2)LO
Q4
(1− x)2 sp2
x
+O(λ) , (3.42)
where (|A|2)LO is the LO amplitude squared for gg → H and x is the momentum fraction of
the quark as it becomes collinear with the gluon. Note that if any entity is incoming, then in
our formalism, we need to replace all components p− → −p−, and take |p〉 → i |p〉. Doing this
ensures that we match the condition of being positive p0. Therefore, since in this example
we are taking the pµ1 and p
µ
2 momenta to be incoming, we need to implement the following
changes:
x =
p−3
−p−1 + p−3
, p− = −p−1 + p−3 , (3.43)
and the Mandelstam invariant appearing in Eq. (3.42) takes the form
sp2 = p
−p+2 = −(p−1 − p−3 )p+2 = −Q2(1 +O(λ2)) . (3.44)
6Taking for simplicity the leptonic definition of T , ρ = eY
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To compare our result with the notation of Ref. [38], where the cross section is expressed in
terms of the splitting variable za, such that k
− = QeY 1−zaza , we need
x = 1− 1
z
. (3.45)
Using x = 1− 1z and sp2 = −Q2, (3.42) reads
(|A|2)(0) = 0 , (|A|2)(2) = 2CF (|A|
2)LO
Q2z(1− z) , (3.46)
which matches Eq.(5.22) of Ref. [38] up to the difference in the normalization convention and
O() terms. Given that also the phase space Eq. (3.40) matches Eq. (3.39), this is sufficient
to reproduce the leading log for this channel at subleading power.
3.3.2 A simple H + 1 jet example: H → q¯qQ¯Q
We now move to the more involved case of multiple collinear directions and consider the
simple example of H → q¯qQ¯Q. When a quark q and an antiquark of different flavor Q¯
become collinear, the squared subleading power amplitudes are given by Eq. (2.16)
|A(1+q , 2−q¯ ; 3+Q, 4−Q¯; 5H)|21‖4 =
[(1− x) sp2 + x sp3]2
4sp2sp3 x(1− x) , (3.47)
|A(1+q , 2−q¯ ; 3−Q, 4+Q¯; 5H)|21‖4 =
s223
4sp2sp3 x(1− x) . (3.48)
Integrating over the two particle collinear phase space, we have(
µ2
TNQ
)∫ 1
0
dx
x(1− x) |A(1
+
q , 2
−
q¯ ; 3
+
Q, 4
−
Q¯
; 5H)|21‖4 =
(
sp2
4sp3
+
sp3
4sp2
)[
−1

+ ln
QTN
µ2
+ finite
]
,(
µ2
TNQ
)∫ 1
0
dx
x(1− x) |A(1
+
q , 2
−
q¯ ; 3
−
Q, 4
+
Q¯
; 5H)|21‖4 =
s223
2sp2sp3
[
−1

+ ln
QTN
µ2
+ finite
]
. (3.49)
Here we see that we are able to easily extract the 1/ divergence, or correspondingly the
logarithm. Already from this simple example, we can see an interesting, but expected result,
namely that at subleading power the kinematic dependence on the jet directions will no longer
be that of the N -jet process, as was true in the leading power factorization in Eq. (3.7).
This will be interesting to study numerically for a complete process, and is also important
phenomenologically as it controls the rapidity dependence of the power corrections.
We have therefore shown that we can efficiently extract subleading power logarithms
in event shape observables from the subleading power collinear limits. Even in the case of
complicated multi-leg amplitudes, the ability to extract the entire logarithm from the two-
particle collinear limit means that there is only a single angular integral, which even if it
cannot be done analytically, is finite, and therefore can be done by numerically evaluating
the spinors. This should be achievable in a fairly automated way, enabling power corrections
to be computed for multi-jet event shapes.
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4 Power Law Divergences in Subleading Power Matrix Elements
In this section we wish to elaborate on an interesting physical effect observed in the ex-
pansion of multi-point amplitudes at subleading power, namely the appearance of power
law singularities. As an example, we can consider the H → ggqq¯ amplitude at subleading
power. For simplicity, we can focus on the color stripped amplitude for a particular helicity
configuration[64]
A(1+, 2−, 3+q , 4
−
q¯ ; 5H) =
〈24〉3
〈12〉〈14〉〈34〉 −
[13]3
[12][23][34]
, (4.1)
and we can consider the behavior in the collinear limit when the gluon 1 and the quark 3
become collinear. This collinear limit has no leading power term, and using the expansion in
Eq. (2.9) we find that the subleading power term in the expansion is given by
A(1+, 2−, 3+q , 4
−
q¯ ; 5H)1‖3 = 0×O(λ−1) +
〈24〉3
x
√
1− x 〈p2〉〈p4〉2 +O(λ) , (4.2)
where x parametrizes the energy fraction of the gluon. Squaring the amplitude, we find
|Aggqq¯H |21‖3 =
s324
x2(1− x)sp2sp4 +O(λ) , (4.3)
which is O(λ2) suppressed with respect to the leading power and exhibits a 1/x2 divergence
as the gluon becomes soft. This is distinct from the behavior of the leading power split-
ting functions, which go like 1/x. These divergences are of course regulated by dimensional
regularization in the phase space integral. However, their treatment requires the use of dis-
tributional identities which are less familiar than those required to treat the more standard
1/x divergences. For this reason, here we discuss briefly how these divergences are treated
for a SCETI type observable (like N-jettiness), and the manner that they appear for different
processes and a wider class of observables.
In the case that the two collinear particles are both in the final state, one can simply
integrate over all values of x in the standard fashion. The power law divergences is then
regulated by dimensional regularization. More interesting, is when the subleading power
collinear limit arises from an initial state splitting. In this case one has an integral against
the PDFs, and one must expand as a distribution to extract the divergence, as is familiar at
leading power. At subleading power we encounter a wider class of distributions, beyond the
common δ-function and +-functions. The impact of these power law divergences on PDFs
has been discussed in detail in Ref. [77], so here we only provide a brief review that suffices
for our discussion here.
Consider the integral
Im =
∫ 1
0
dx
g˜(x)
(1− x)1+m+ , (4.4)
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where m ≥ 0 is an integer. Here we have put the divergence at x → 1, as is standard in the
parameterization of initial state splittings, and g˜(x) contains, for example, the PDFs, and
other functions that are regular as x→ 1. For m = 0, the divergence can be extracted using
the familiar distributional identity
1
(1− x)1+ = −
δ(1− x)

+ L0(1− x) +O() . (4.5)
Here L0(1− x) = [1/(1− x)]1+ is the standard plus distribution, which satisfies∫ 1
x
dx g˜(x)L0(1− x) =
∫ 1
x
dx
g˜(x)− g˜(1)
1− x + g˜(1)
∫ 1
x
dxL0(1− x)︸ ︷︷ ︸
=ln(1−x)
, x ∈ [0, 1] . (4.6)
This standard plus distribution is sufficient for the treatment of divergences encountered at
leading power.
At subleading power, wherem > 0, this must be generalized to multiple plus distributions.
For the particular case of m = 1, we have
1
(1− x)2+ =
δ′(1− x)

− δ(1− x) + L++0 (1− x) +O() . (4.7)
Here we encounter the double plus function, whose action on a function is given by∫ 1
x
dx g˜(x)L++0 (1− x) =
∫ 1
x
dx
g˜(x)− g˜(1)− g˜′(1)(x− 1)
1− x
+ g˜(1)
∫ 1
x
dxL++0 (1− x)︸ ︷︷ ︸
−x/(1−x)
+ g˜′(1)
∫ 1
x
dx (x− 1)L++0 (1− x)︸ ︷︷ ︸
− ln(1−x)
. (4.8)
Most importantly, we find that the divergence is associated with a δ′(1 − x), instead of the
standard δ(1− x) that is familiar at leading power. When integrated against the PDFs, this
will give derivatives of the PDFs, an interesting physical effect which occurs at subleading
powers.
Derivatives of PDFs also appeared in the calculation of subleading power corrections to
T0, which were computed in [26, 27, 30, 37, 38]. In this case the derivatives of the PDFs have
a very simple origin, arising from residual momentum routed into the PDFs. Namely, one
finds power corrections arising from the expansion of the PDFs
fi
[
ξ
(
1 +
k
Q
)]
= fi(ξ) +
k
Q
ξf ′i(ξ) + · · · , (4.9)
where k ∼ O(λ2). This is quite different than the case found here, where the 1/x2 singularity
arises from the structure of the amplitude itself rather than from expanding kinematics.
More generally one can ask the question whether power law divergences are a general
feature of subleading power calculations in SCET. To answer this question one can analyze
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Color singlet Color singlet + 1 jet
SCETI (τ ,TN ) SCETII (pT ) SCETI (τ ,TN ) SCETII (pT )
(|A|2)(0)(x) 1x 1
1
x 1
(|A|2)(2)(x) 1x
1
x
1
x2 ?
Φ(0)(x) 1
1
x 1
1
x
Φ(2)(x) 1
1
x2 ? ?
Table 1: Behavior of the most singular terms for matrix element squared contributions
(|A|2)(k) and phase space Φ(k), at both leading power k = 0 and subleading power k = 2, for
a single emission when the energy fraction of the emission x → 0. The contribution to the
cross section involves products of these terms: dσ(i+j) ∼ A(i) × Φ(j), see Eq. (4.10). In red
we highlight the terms analyzed in this paper. We take the explicit results for A(2) and Φ(2)
for fully differential color singlet production in SCETI from [38], while those for SCETII are
taken from [77]. Entries with “ ? ” have not yet appeared in the literature.
the behavior of the cross section at next to leading power both for SCETI (where examples
include jet masses, thrust, beam thrust) and SCETII measurements (where examples include
observables with a small transverse momentum qT  Q). The NLP corrections to the cross
section can be schematically described at one emission as
dσ(2) ∼
∫ 1
0
dx
x
[
A(0)(x)Φ(2)(x) +A(1)(x)Φ(1)(x) +A(2)(x)Φ(0)(x)
]
, (4.10)
where A(0) is the leading power matrix element squared, Φ(0) is the leading power phase space
and A(i) or Φ(i) indicate the i-th order in the λ expansion of A or Φ respectively.
In Table 1 we summarize the behavior of the most singular terms both for the phase
space and the matrix element squared in different contexts, varying the process and the type
of observable. In the case of a process with only 2 back-to-back directions (like color-singlet
production with no additional jets) and an SCETI measurement, Refs. [26, 27, 30, 37, 38]
found no power law divergences both at LL and NLL.
However, for the same color single process but with an SCETII (pT ) measurement,
Ref. [77] found power law divergences at subleading power. This includes observables such as
the pT spectrum of a Higgs or Drell-Yan case. This is indicated by the entries in the second
column of Table 1. In this case the 1/x2 singularity arises from the subleading power phase
space, Φ(2), or from the product (|A|2)(2)Φ(0) which each scale like 1/x individually.
The example considered here is given in the third column of Table 1. Here the result
is different, since the power law divergence occurs directly in the expansion of the matrix
element itself, (|A|2)(2). This is a feature that, as far as we know, has never been encountered
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before in the literature. Again these divergences are regulated by the use of dimensional
regularization. The appearance of power law singularities directly from the expansion of the
amplitude for an observable with an additional jet is quite interesting, and we expect to be a
generic property of the N -jet case.
For the case of H → gg, the subleading power logarithms exponentiate to all orders with
the double logarithms governed by the cusp anomalous dimension [40]. Loosely speaking, this
follows from the fact that the expansion in the soft and collinear limits inherited its properties
from the leading power expansion. In the more general N -jet case, due to the presence of
the power law singularities, we expect that this will no longer be the case, and it will be of
significant interest to understand the all orders structure of the subleading power logarithms.
5 Conclusions
In this paper we have shown how we can use spinor-helicity amplitudes to efficiently study
subleading power collinear limits and extract logarithms of infrared observables in high multi-
plicity final states. Our approach uses consistency relations derived from effective field theory
to show that the leading logarithm in the subleading power expansion of the event shape ob-
servable can be derived from the subleading power expansion of the two-particle collinear
limit, for which we gave an efficient parametrization in terms of spinor variables. This ap-
proach significantly simplifies the analysis, as it avoids the need to consider complicated
multi-particle phase space integrals.
In our extension to higher point amplitudes, we have noticed some interesting features
of the power expansion. In general, for higher point amplitudes, we find that power law
divergences are present in subleading power squared amplitudes themselves. These lead to
observable effects, in particular, the appearance of derivatives of the PDFs. Derivatives of
the PDFs have appeared in the calculation of power corrections in other contexts, and we
discussed and contrasted the different mechanisms in Sec. 4.
We believe that there are a number of immediate phenomenological applications of our
techniques. In particular, our techniques can be applied to compute the power corrections
for N -jettiness subtractions for H/W/Z+ jet. These are the processes for which the power
corrections are most needed from a phenomenological perspective, but have so far been too
cumbersome to compute. Using our consistency relations, the power corrections up to NNLO
can be computed using the one-loop H/W/Z + 4 parton amplitudes, all of which are known
analytically in terms of spinors [78–84]. It would also be interesting to understand in more
detail the subleading power collinear behavior of general amplitudes. We intend to pursue
these directions in future work.
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